














Abstract. Associated to the standard SU
q




, projective quantum spaces
n 1
q






bras are shown to be homogeneous spaces of standard quantum groups and are also quantum
principle bundles in the sense of T. Brzezinski and S. Majid [1].
1 Introduction
This paper gives a non-commutative generalisation of projective and Grassmann
manifolds in the framework of quantum groups. Quantum groups are Hopf al-
gebras with and additional structure (quasitriangularity or its dual version) and
can be employed to construct a very powerful type of non-commutative geometry.
For an introduction to quantum groups and their numerous other applications see







































; q 2 : (1)
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R-matrices are invertible solutions of the n-dimensional quantum Yang-Baxter



















, where l() is the length of the permutation (1; : : : ; n) =
(a
1
; : : : ; a
n








































In terms of these data, the quantum groups SU
q

















= g where t
y









We also dene quantum groups U
q








= 1. For n = 1, one recovers the undeformed algebra
of complex polynomial functions on U(1), i.e. U
q
(1) is the associative -algebra
















































































) as their braided tensor product (See [5] for an







we do not take the braiding induced by the coaction by SU
q






















, i.e. is the braiding induced by a suitable dilatonic extension of SU
q
(n).









































denotes transposition in the second tensor component. Since
R
n
is of real type, g is symmetric and the quantum norm is real. It is known from
[6, Theorem 3.6] that for any invertible solution R of the quantum Yang-Baxter
equation the quantum norm is also central. For the R-matrices (1), this general

















































We will use the algebras
n
q
to dene quantum spheres and complex projective
quantum spaces. These algebras are then recovered as base spaces of quantum




(n) as structure groups. The appropriate
denition of a quantum principle bundle was given by T. Brzezinski and S. Majid
in [1, Denition 4.1]: an algebra P is a quantum principle bundle with structure
quantum group A and base B if (i) A is a Hopf algebra, (ii) P is a left A-comodule
algebra with coaction  : P ! A
P , and (iii) B = P
A
= fu 2 P : (u) = 1
ug
is the subalgebra of A-invariant elements of P . Additionally, there is a freeness
and an exactness condition. However, if B is a quantum homogeneous space, i.e.





 P ) (2)
2
then the freeness and exactness condition are automatically satised [1, Lemma
5.2] and the quantum homogeneous space B = P
A
is a quantum principle bundle.
In this case the map  is called exact.
2 Quantum spheres S
2n 1
q
Quantum spheres are quotients of
n
q
and feature as base spaces of various quantum
principle bundles.
DEFINITION 2.1 Quantum spheres S
2n 1
q








Due to the relation tgt
y

























Proof. The rst isomorphism is trivial and the second one is easily established by
rescaling of the generators of S
3
q
. This isomorphism only holds if one introduces
the normalisation factor 
2










































































; a 2 f1; : : : ; ng then obey the V (R
n
)-relations. Next note that
the relations in A(R
n












































































) given above. This is the place where one needs the normalisation factor 
n




























= 1. Hence the maps {
m
are -algebra injections.
For the construction of quantum principle bundles over these quantum spheres we
need the following lemma:
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. Thus the elements t
i
j
; i; j 2 f2; : : : ; ng of A(R
n
)
obey the relations of A(R
n 1


































THEOREM 2.5 The Hopf algebra U
q



























of the morphism 
n
from lemma 2.4.
Proof. The subalgebra of U
q
(n   1)-invariant elements of U
q















are exact in the sense of (2) and the quantum
homogeneous space is a quantum principle bundle.







lemma 2.4 to establish that SU
q
(n) is also a quantum principle bundle over a
quantum sphere:
THEOREM 2.6 The Hopf algebra SU
q


















The left covariant coaction of SU
q
(n  1) on SU
q




3 Complex projective quantum spaces
We now turn our attention to complex projective spaces which are dened as
U
q
(1)-covariant subalgebras of quantum spheres S
2n 1
q
. For this purpose note
4










descends to a covariant U
q





 : : :  
n
))  .
























the subalgebra of U
q












(n). Note also that their
relations are independent of the normalisation factor 
n








For the construction of quantum principle bundles on these complex projective
quantum spaces we need the following lemma:























THEOREM 3.3 The Hopf algebra SU
q


















The coaction of U
q
(n  1) on SU
q










; i; j 2 f1; : : : ; ng which
generate the subalgebra of U
q



























where either i or j is larger that 1. The
exactness of 
n










































































is non-zero only if d 6= 1.




can also be regarded as homogeneous quantum spaces of U
q
(n):
THEOREM 3.4 The Hopf algebra U
q




























(n 1) is given explicitly in the next section,
where we generalise this construction to quantum Grassmann manifolds.







is a deformation of the two-sphere and was already discussed by P.
Podles in [8], where it was denoted by S
2
q
. As a corollary of theorem 3.3 we hence
nd:
COROLLARY 3.5 Projective quantum space
1
q





The n = 2 case is also in the undeformed case quite remarkable since all spaces

















ing principle bundle is the celebrated Hopf bration of the three sphere. In the
quantum case one nds with example 2.2 and theorem 3.3:
COROLLARY 3.6 ( Hopf bration of the quantum 3-sphere) There is














The quantum homogeneous space (4) was already discussed in [11], although not
as quantum principle bundles, an appropriate denition of which was only given
a few years later.
4 Quantum Grassmann manifolds
The construction encountered in theorem 3.4 can be generalised to give a denition
of quantum Grassmann manifolds as quantum principle bundles. For this purpose,
we prove the following lemma:
6

















, i.e. the elements t
i
j
; i; j 2
f1; : : : ; n   1g of A(R
n
) obey the relations of A(R
n 1
). Similar to lemma 2.4








by dividing by t
n
n

















 : : :
0
n















 id): However, the real merit of this lemma is that it leads to a straight-
forward generalisation from quantum projective spaces to quantum Grassmann
manifolds:
















where the covariant coaction is given by (
k;n

 id) . This denition includes
























































2 f1; : : : ; ng.
An earlier paper by E. Taft and J. Towber [10] (see also [3]) presented a related
















, where the t
a
b
are the generators of A(R
n
) and not
of the quotient U
q
(n). Thus a quotient of a subalgebra of the algebra from [10,
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